A hybridized calculation of Phase Field Method and Cluster Variation Method is applied to investigate the relaxation process of LongRange-Order parameter (LRO) originating from competitive growth of ordered domains. It is shown that the coarsening process proceeds by both the curvature-driven growth and coalescence among in-phase ordered domains. In the early annealing period, an average radius of ordered domains increases proportional to t 1/2 as predicted by the curvature-driven growth. In the later period, however, a deviation from this relation is manifested by coalescence process. The LRO relaxation kinetics largely depends on the frequency of coalescence event.
Introduction
A microstructure of an ordered alloy consists of a large number of ordered domains separated by anti-phase boundary (hereafter APB). The APB region generally takes a metastable disordered structure and, therefore, has an excess free energy caused by bulk free energy of a disordered phase and an interfacial energy between disordered and ordered phases. As an annealing temperature increases toward a transition temperature, the APB region is gradually widened in order to decrease the excess free energy, which has been well known as a wetting behavior. 1, 2) And a further decrease of the excess free energy is attained by a coarsening of ordered domains.
Long-Range-Order parameter (hereafter LRO) of an entire specimen is affected not only by an atomic arrangement within each ordered domain but also by the microstructural states mentioned above and, therefore, a relaxation of LRO from a non-equilibrium state toward an equilibrium state proceeds by both atomistic and microstructural processes. Experimental investigation on Cu 3 Au shows that the relaxation kinetics of LRO involves three processes, atomistic anti-site ordering/disordering within an ordered domain, wetting/antiwetting of an APB and coarsening of ordered domains. 3) While various theoretical studies on the relaxation kinetics have been carried out based on Monte Carlo simulation 4) and Path Probability Method, 5, 6) the main concern of these studies is mostly directed to the relaxation behavior within a single ordered domain, i.e., atomistic anti-site relaxation process. In order to investigate multi relaxation processes with different time constants, an efficient hybridization of kinetic theories for different time scales is indispensable.
Phase Field Method (PFM) has recently attracted great attentions as a powerful tool to describe an evolution process in the microstructural scale. 7) However, atomistic process is not explicitly considered within the continuum description of PFM. On the other hand, Cluster Variation Method (CVM) 8, 9) has been recognized as one of the most reliable tools to provide detailed information of atomic arrangements of a given alloy. In order to describe evolution processes in atomistic and microstructural scales simultaneously, we hybridized PFM with CVM and investigated disorder-B2 10) and disorder-L1 0 11) transitions at 1:1 stoichiometry, and atomistic cooperative ordering process between LRO and Short-RangeOrder parameter (SRO) and the simultaneous evolution process of anti-phase domain structure in microstructural scale were analyzed.
In particular, the hybridized calculation was recently applied to an order-order relaxation process in L1 0 ordered phase at 1:1 stoichiometric composition, and relaxation behavior involving three different processes, anti-site ordering/disordering within an ordered domain, wetting/antiwetting of APB and coarsening of ordered domain were successfully described. 12) In order to extract essential feature of each process, however, our attention was placed on a simple system in which only a single circle-shaped APB exists. In a real ordered alloy system, many ordered domains compete to grow during the coarsening process. Hence, essential feature of coarsening process was not fully grasped in the previous work.
The main objective of this work is to investigate the relaxation kinetics of LRO originating from competitive growth of ordered domains. Experimental investigations of coarsening process by means of X-ray diffraction 13, 14) show that an average size of ordered domain is nearly proportional to t 1/2 as predicted by a curvature-driven growth theory. 15) As will be mentioned, it has been shown that an evolution equation of the PFM successfully describes the curvature-driven process. On the other hand, theoretical studies based on Monte Carlo simulation 16) and master equation 17) demonstrated that coalescence events among in-phase ordered domains frequently occur and contribute to the growth of ordered domains in addition to the curvature-driven process. In the present paper, we introduce many ordered domains into the system and analyze their competitive growth process by the hybridized calculation of the PFM and CVM. Our attention is placed on the growth mechanism and its contribution to the relaxation kinetics of LRO. The essential formulas of hybridized calculation of the PFM and CVM are presented in the next section. The calculated results and discussion follow in the finial section.
where N is the total number of lattice points, k B the Boltzmann constant, x p i , y pq ij and w αβγ δ ijkl are the cluster probabilities of finding atomic configuration indicated by subscript(s) on a point, pair and tetrahedron clusters, respectively. The subscripts, i, j, k, and l take either +1 or −1 depending on an atomic species. α, β, γ and δ in the superscript distinguish the sub-lattices necessary for a description of L1 0 ordered structure, and p and q indicate one of α, β, γ and δ. It is noted that the specification of sub-lattices in eq. (2) is different from the one employed in ordinary CVM calculation for phase equilibria. The microstructural feature of ordered alloy largely depends on the number of ordered variants and, hence, the sub-lattices (superscript) used in eq. (2) are defined to specify six variants of L1 0 ordered phase.
According to the ground state analysis, 18) the L1 0 phase can
Hybridized Calculation of Phase Field Method and Cluster Variation Method
The free energy of an inhomogeneous system is generally constituted by bulk free energy, interfacial energy and elasticstrain energy contributions. The present calculation neglects an elastic-strain energy contribution to microstructural evolution process, and the chemical energy of inhomogeneous system is given as 15) 
where φ i is a field variable such as concentration, LRO and SRO which are a function of spatial coordinate, r, and time, t, and V is a volume of the specimen, κ i is the gradient energy coefficient and is assumed not to depend on an annealing temperature and the field variables. The first term of the integrand, f local , is the local free energy density function for a uniform system and the second term corresponds to the interfacial energy. Within the PFM, the driving force for microstructural evolution is determined by the gradient of the free energy with respect to the field variable. The spatial and temporal variations of field variables describe an inhomogeneous microstructural evolution process and the local free energy density determines the kinetic path. Hence, the key to the PFM calculation is the definition of both the field variables and the local free energy density. In the present scheme, the local free energy density is formulated based on the CVM and, then, a set of independent variables in the free energy provides detailed information of an atomic configuration on a discrete lattice. Unique to the CVM is that the wide range of atomic correlation is explicitly taken into account in the free energy. In the present study, the entropy term for L1 0 ordered phase, which is the main concern of the present study, is formulated within Tetrahedron approximation as follows,
be stabilized merely by the nearest neighbor pair interactions. In the present study, the internal energy, E, of the system is limited to the nearest neighbor pair interactions and is written as
where ω is the coordination number, e ij , is the pair interaction energy between the nearest neighbor i-j pair. The cluster probabilities in eqs. (2) and (3) are mutually dependent through the normalized conditions and reduction relationships. 19 ) Therefore, it is convenient to replace the cluster probabilities by correlation functions, {ξ l }, that form a set of independent variables to describe atomic configuration on a discrete lattice and are defined as
where the subscript, l, indicates the size of a cluster, σ k is a spin operator which takes +1 or −1 depending on A and B atoms at a lattice point, k, respectively, and indicates an averaging over all the lattice points. One can readily grasp the relationships between the cluster probability and correlation functions by the following examples,
and
Then the entropy of eq. (2) and the internal energy of eq. (3) are rewritten in terms of correlation functions, and the free energy of L1 0 phase is symbolically expressed as
where v 2 is the nearest neighbor effective pair interaction energy given as v 2 = (e 11 + e¯1¯1 − 2e 11 )/4. In the present study, we focus only on 1:1 stoichiometric composition, and due to the symmetry at 1:1 stoichiometry, the number of independent variables is reduced to ten. Then, the free energy of L1 0 phase is rewritten as where η 1 , η 2 and η 3 are the LRO's defined as
When a system reaches a fully equilibrium L1 0 ordered state, only one of LRO's becomes an equilibrium LRO, η e , and others are null. The other correlation functions in eq. (9) correspond to SRO's. For a PFM calculation, we employ a two-dimensional lattice divided into 200 × 200's grid points with periodic boundary conditions imposed along both x and y directions. Each grid point corresponds to a local system constituted by N lattice points over which a homogeneous atomic arrangement is assumed. Hence, for each grid point, the CVM free energy given by eq. (9) is assigned as the local free energy density in eq. (1) and, therefore, the independent variables in eq. (9) correspond to the field variables. In the present study, the LRO of a whole system, η s (t), is calculated as
where the bar indicates spatial averaging over the entire system. The LRO's given by eqs. (10)- (12) are a non-conserved variable and, within the PFM, time evolution process for these non-conserved variables is described by the following TimeDependent Ginzburg-Landau (TDGL) equation,
where L and κ are the relaxation constant and the gradient energy coefficient for LRO, respectively, and are assumed to depend neither on the annealing temperature nor on the field variables. η f i [r, t] is a noise term which is necessary to trigger the first order transition.
Time evolution of SRO plays an important role in ordering process. Within the hybridized calculation of the PFM and CVM, the time evolution of SRO is also analyzed by the TDGL equation. 10, 11) In the present work, however, we solve the TDGL equation only for LRO under the assumption that the SRO's satisfy the following condition at each time step,
which suggests that the SRO's are instantly equilibrated during the relaxation process. Therefore, the time evolution process of SRO is not explicitly dealt in the present calculation. Furthermore, the Cahn-Hilliard equation for time evolution of concentration is neglected because our main interest is configurational evolution manifested by LRO only at a fixed composition of 1:1 stoichiometry as mentioned above.
Calculated Results and Discussion
As mentioned in the introduction, the recent hybridized calculation of the CVM and PFM demonstrated that the orderorder relaxation process of LRO was composed of three different processes, 12) and the resultant time evolution of LRO is well described as
where a 1 and a 2 are constants, τ 1 and τ 2 are relaxation times for anti-site relaxation and wetting/anti-wetting relaxation, respectively, η e is the equilibrium LRO. It was clearly indicated that the time constant of anti-site relaxation is much shorter than that of wetting/anti-wetting relaxation, that is τ 1 < τ 2 .
The third term, η APB (t), represents the relaxation process due to the coarsening of ordered domains and it was revealed that the time constant associated with η APB (t) is quite slow as compared with τ 1 and τ 2 , which is consistent with experimental facts. However, for a coarsening of a single circle-shaped APB in the previous work, 12) no more quantitative argument was provided for η APB (t). Hence, in the present paper, the relaxation process during competitive coarsening of ordered domains is focused.
The rate of the coarsening/shrinking process of an ordered domain is generally determined by the moving velocity of APB. Under the assumption that the APB width does not change during the motion, the moving velocity of the APB, V APB , is derived 15) from TDGL eq. (14) as
where H is a local mean curvature of APB. Therefore, η APB (t) depends only on the radius of an ordered domain and is insensitive to an initial temperature at which a system is equilibrated prior to the annealing. By minimizing the CVM free energy given in eq. (9), the transition temperature at 1:1 stoichiometry is determined to be (k B · T )/v 2 = 1.893. The main focus of the present calculation is placed on the relaxation process at an annealing temperature (k B · T )/v 2 = 1.8, and the initial microstructure, which consists of many ordered domains, is prepared in the following way. We started with a disordered matrix and during the annealing period at (k B · T )/v 2 = 1.8, the noise term of eq. (14) is operated to nucleate L1 0 ordered phase. This is followed by the formation and gradual coarsening of antiphase domains. When the LRO of the entire system, η s (t), reaches 0.8, we take this microstructure as the initial state of the system for the kinetic calculation.
Shown in Figs. 1 and 2 are the snapshots of time evolution process of microstructure and the corresponding relaxation curve during annealing operation at (k B · T )/v 2 = 1.8, respectively. The time and spatial scales are normalized by
, respectively. One sees that the quick disappearance of ordered domains causes a sharp rising of LRO at an early period and subsequent slow relaxation of LRO follows until the entire system becomes a single ordered domain. The steady state value of LRO in the long time limit is confirmed to be the equilibrium one at (k B · T )/v 2 = 1.8 independently calculated by the CVM.
When one examines the growth process in Fig. 1 carefully, one realizes that the larger domains grow by consuming the smaller domains, which corresponds to the curvature-driven growth described by eq. (17) . On the other hand, this growth mechanism claims 15) that an average radius of ordered domain, R(t) , obeys the following equation,
where b is a constant. Figure 3 represents the time dependence of average domain radius. The area of each domain at a given time step is directly calculated from the snapshot of microstructure and the domain radius, R(t), is obtained from the domain area by converting it to a circle. The vertical axis is the square of average radius, R(t) 2 . The R(t) 2 linearly increases in the early period as predicted by eq. (18) . As the time elapses, however, a deviation from the linearity is gradually emphasized.
Shown in Fig. 4 are the enlarged snapshots at fixed areas of microstructure at times indicated in the figure. One sees that the ordered domains indicated by a cross mark grow into a single larger domain by the coalescence process. This is frequently observed during coarsening process. By comparing with Fig. 3 , one sees that the deviation from curvature-driven growth is largely ascribable to the coalescence process.
In fact, both theoretically and experimentally, growth process has been interpreted by a single mechanism, either by the curvature-driven growth or the coalescence processes. In order to clarify the details of competing feature of the two processes, the following calculation is attempted. Shown in Fig. 5(a) is the initial microstructure in which a specific variant (−η 2 ) predominantly occupies large area as shown in Fig. 5(b) . The LRO of the whole system is kept to be 0.8 as is the case with Fig. 1 . The average radius of domains is 6.46 in normalized scale
smaller than 7.28 realized in Fig. 1 . If the relaxation kinetics is driven merely by the curvature-driven growth, the evolution starting with the smaller initial domains takes a longer time for completion. Oppositely, as one can see in Fig. 6 , the time required for the completion is shorter (t ∼ = 6000) as compared with Fig. 2 . This is ascribed to the higher frequent coalescence process of predominant initial domain (−η 2 ). Hence, this calculation reveals the importance of the coalescence process, in particular, in the later period when the growing APB flattens the curvature. As mentioned, the order-order relaxation of LRO proceeds by three different processes, atomistic anti-site ordering/disordering within ordered domain, wetting/anti-wetting of APB and coarsening of ordered domains. It has been demonstrated that the hybridized calculation of the PFM and CVM is able to describe three processes simultaneously, and that the resultant time evolution/devolution of LRO is expressed by eq. (16) . In the present paper, the relaxation process due to coarsening is focused. It is emphasized that the full description of the coarsening process claims the proper account of both curvature-driven growth and coalescence processes. In order to determine the mathematical expression of η APB (t), however, one needs a more realistic threedimensional calculation. This remains as a future subject. Fig. 1 The microstructural evolution process during the annealing period at (k B · T )/v 2 = 1.8. Fig. 2 The relaxation curve of LRO during the coarsening process shown in Fig. 1 . Fig. 3 The time dependency of average radius of ordered domain. The liner line represents the curvature-driven process. Fig. 6 The relaxation curve starting from the microstructure shown in Fig. 5 .
, , Fig. 4 The enlarged snapshots of microstructure at a given time step. The cross marks indicate in-phase ordered domains. 
